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1 Introduction 



The construction of a quantum theory of gravity is an unresolved problem of modern 
theoretical physics. It is well know that the Einstein theory of gravity is not renor- 
malizable in an ordinary sense [|l], 0, ^. Therefore, one needs to modify the theory or 
to show that the difficulties presently encountered in the theory are only artifacts of 
perturbation theory. The simplest method of modifying the Einstein theory is to intro- 
duce terms quadratic in the curvature tensor in the action of the theory. This theory 
is renormalizable and asymptotically free but it is not unitary because the ghosts and 
tachyons are present in the spectrum of the theory 0, ^. It should be noted that the 
unitarity of the theory cannot be restored by means of loop corrections or adding an 
interaction with matter fields |^. Hence, one needs to use a new method in order 
to construct a theory of gravity. 

Among various methods of constructing a quantum theory of gravity one should 
emphasize the gauge approach as the most promising P, |ll|]. In the gauge 

treatment of gravity there are two sets of dynamical variables, namely, the vierbein 
h'^^{x) and local Lorentz connection uj\^{x) or metric g^u{x) and affine connection 
r'^^^(x). The theory based on the first set of variables is called the Poincare gauge 
gravitational theory with the structure group Piq [jl2[. A curvature tensor R\^^{u!) 



and a torsion tensor Q^^j^{h,u), which are the strength tensors of the Poincare gauge 
gravitational theory, are defined by the following relations: 



The theory based on the second set of variables is called the affine gauge gravita- 



tional theory with the structure gauge group Gv4(4, R) |T^, The strength tensor 
of the theory is the curvature tensor R^Xfj-u^) defined as: 

The Lagrangian of a gauge theory is built out of terms quadratic in the strength tensor 
of fields. In the Poincare or affine gauge theories the Lagrangians are defined as 



'A 

LcAim = c,R\r)V^ (2) 



Lpio = {T^Q\h,uj) + B^R\u;))h 



where Ai, Bj and Cj are arbitrary constants, and R^ and are now a symbolic notation 
for the contractions of the curvature or the torsion tensors, respectively. 

For the classical limit, coinciding with the Einstein theory, to exist one needs to 
add a term linear in the curvature tensor to the Lagrangian. 

At the present time, there are a lot of papers concerning the classical problems of 



the Poincare and affine gauge gravitational theories ITR O, IT8|, IT9|. However, the 



renormalizability properties of the theories have been insufficiently studied 
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In the above-mentioned theories, the torsion tensor has a different meaning. In 
the Poincare gauge gravitational theory, the torsion tensor is a strength tensor of the 
tetrad fields. Hence, the terms quadratic in the torsion field must be present in the 
Lagrangian of the theory. In the affine gauge theory of gravity, the torsion tensor plays 
an auxiliary role. Therefore, the Lagrangian of the affine-metric theory of gravity can 
not contain terms quadratic in the torsion field. 

The main goal of our work is to investigate the role of the torsion field in the affine- 
metric theory of gravity at the quantum level. The consideration of the full affine 
gauge theory described by the action (0) is very cumbersome and technically complex. 
To understand the role of the torsion fields in the affine-metric theory we will consider 
a simple model with the terms quadratic in the torsion fields. The Lagrangian of the 
model is the following: 



Sgr = '1^1 d'x,/^(R{T) - 2A + hQ^.M''^'' + hQ^.uQ''''^ + hQaQ"") (3) 

where A is a cosmological constant and are arbitrary constants. 

We consider V^^^i^x) and g^u{x) as independent dynamical fields. 

This model is not an affine gauge theory in the above-mentioned sense. However, 
some properties of the affine metric theory can be studied by means of the model @. 
In particular, this model possesses the same symmetries as the affine gauge theory. 

The main obstacle to the renormalizability of Einstein's theory consists in the ex- 
istence of the dimensional constant (Newton's constant) and thus in the need for new 
counterterms in each order of perturbation theory. In other words, renormalizable 
quantum gravity in four- dimensional space-time must contain terms with dimension 
four. However, the presence of an additional symmetry in the theory may improve the 
renormalization properties of the theory. For example, because of the presence of su- 
persymmetry the terms violating the renormalizability of supergravity show up only in 
higher loops. The considered model (|]) has the Lagrangian of dimension two. Hence, 
this theory is not renormalizable in all orders of perturbation theory. However, the 
projective invariance [^, ^ existing in the model with metric and affine connection 
as independent dynamical variables may influence the renormalizability of the theory 




In the present work we will research the following problems: 

1. The role of the terms quadratic in the torsion fields at the quantum level in the 
theory with independent metric and affine fields. 

2. The influence of an additional projective symmetry on the one-loop counterterms. 



3. The influence of the terms quadratic in the torsion fields on the one- loop renor- 
malizability of the theory. 



We use the following notation: 

4 — n 

c = h=l; = 0,1,2,3; P = 16nG e = —— 

R,,{T) = ^V(r), RiT) = R g = det{g,,) 

The objects marked by the tilde" are constructed by means of the affine connection 
T^^j^. The others are the Riemannian objects. 

2 Symmetries of the model and equations of motion 

Let us consider the classical symmetries of the model (^). This model is invariant 
under the general coordinate transformation 



+ A;a„rrV W - kCdaT'^^A^) - kd^^C + 0{e) (4) 

Moreover, in the case of special choice of the coefficients {^j}, the action (|^) is 
invariant under the following transformation of fields: 



9^lv{x) 

^mat{x) 



'x^ 



X'^ 



'9fiuix) = g^^{x) 

'T'^,.{x) = T'^^^ix) + kS;C.{x) 



(5) 



where C^{x) is an arbitrary vector. 



This is the projective transformation pSf, 



It is easy to show that under the projective transformations the curvature and 
torsion tensors transform in the following way: 



i?V(n ^ 'R\,i'T) = R\,{r) + 6lk{d,C,-d,C,) 

Q;. - 'Q% = Q% + \k(5;c,-5:c, 



Hence, the action (j^) is invariant under the projective transformation at the 
tree level only under the condition 

26i + 3fe3 - ^2 = (6) 
The classical fields "^^^ and g^u satisfy the following equations of motion: 



and 



+ \ 9,u (fcl + b2 Q.«;3Q^™ + h QaQ") = (7) 



where 



Equation ( ||) has two solutions 

1. if 2hi + 363 - ^2 = 0, 

= ^;^'^(^) (9) 

where Cy is an arbitrary vector. 

2. if 26i + 363 - &2 ^ 

= (10) 
Taking into account or (|IOD we obtain from 



i?/... = A^M^ (11) 
In the next chapter, we will consider at the quantum level two cases: 

• the theory without the projective invariance (the condition (^ is not satisfied.) 

• the theory with the projective invariance (the condition (^ is fulfilled) 



3 One-loop counterterms 



For calculating the one-loop effective action we will use the background field method 
28i |29| and the Schwinger-DeWitt technique In the gauge theories, the 



renormalization procedure may violate the gauge invariance at the quantum level, thus 
destroying the renormalizability of the theory. Therefore, one is bound to apply an 
invariant renormalization. We will use the dimensional regularization and minimal 
subtraction scheme in our loop calculation. This is the invariant renormalization. 

In accordance with the background field method, all dynamical variables are rewrit- 
ten as a sum of classical and quantum parts. In general case, the dynamical variables 
in the affine-metric theory are T1^i^,g^u = dfiui—gY or g^'^ = g^^{—g)^, where r, s are 
the numbers satisfying the only condition: r ^ s ^ j. The one-loop counterterms 
on the mass-shell do not depend on the value of r and s. To simplify our calculation, 
we use the following numbers r = s = 0. 

The fields T"^,,,, and q are now rewritten according to 



g^^ = gt^u + kh,,^ (12) 

where V^^jg^u are the classical parts satisfying equations and (||). 

The action expanded as a power series in the quantum fields (|I2|) defines the ef- 
fective action for calculating the loop counterterms. The one-loop effective Lagrangian 
quadratic in the quantum fields is 

(13) 

where 



~'.''r = 9''S:6; + g-6X - (l - - (l - ^j)9''SX 

+ h g.^g^^'g"^ - W ga.g'^g^'' - ^-^g'^^X - ^a^'^l^ 

+ oj^ - —g'' d^d^ - —g b'^b^ + —g b^b^ (14) 



p 0!f3a _ 9 / rcr pa/3 r/3 pocr 

-°A {^lu) — ^ {"X-^ fiu ~ fii 



X((a/3){fiu)) — 'iRa^g^i, — (R — 2A) Pa/Sfiu — Ra^gfiu — 77^1 fi'a/J Q/jcrA Qf 



A 



2 



Xu , 



Parentheses around index pairs denote symmetrization while parentheses around 
four indices mean symmetrization also under pair interchange. These symmetries are 
automatically enforced by the symmetries of the quantum fields multiplying these 
quantities. 

Let us consider the first case: the theory without the projective invariance (the 
condition (|^) is not satisfied). To get the diagonal form of the effective Lagrangian we 
are to replace the dynamical variables in the following way: 

7V = 7V + ^"';/«/^ {K^.'^r - H-^^) h^^ (15) 
where F'^^^J^^^ is the propagator of the quantum field 7^^^^, satisfying two conditions 

P fiu al3 = P afS fiu (16) 

p-'%u\AV = Wi (17) 

Having solved equations ( [T^ ) and ( P^D we obtain the following result: 



+ \ {g.xS^J^p + gpJtS^) - (^2 - ^ ) g'-'g.ugpx 
I , . . . 1 



+ (-(A2-AO--)(^7^A^X + ^?M^5^ 

+ ^1^-^-^---^^^ + 3(25, + 363 -5,) )^--^-^^" 
1 . \ /I 



where the constants A2 and Ai are defined by the following expressions : 



A2 
A, 



2hl - Ahl - 26162 - 662 -261+4 



d 



(19) 



where 



d = 8{bl - 262 + 1 + 61 - 6162 - 2bl) ^ 
The replacement (|T5D does not change the functional measure 

d{h, 7) 



(20) 



det 



dih, 7) 

We violate the coordinate invariance of the action ([13|) by means of the following 
gauge: 



-V 

2 ^ o 



L. 



gh 



2 



The Lagrangian of the coordinate ghost is 



Lgh = ^/.Z. V 



(21) 
(22) 

(23) 



We don't give the details of cumbersome calculations. The one-loop counterterms 
on the mass-shell including the contributions of the quantum and ghost fields are 

^r^" -32k / '''-V-5(i«*„i^-- - f A^) (24) 

Let us consider the second case: the theory possessing the projective invariance 
(the condition (H) is fulfilled). In this case, the propagator F~'^°'pf'^y^ of the quantum 
field 7|^j, does not exist because of the projective invariance of the effective Lagrangian 

We consider the projective invariance as a gauge symmetry. Hence, we must fix 
this symmetry at the quantum level. The gauge fixing Lagrangian is 



^9f 



2 ^ 



1^ 
2' 



(25) 



where 6^ and tt^ are additional auxiliary fields. Since they appear without derivatives 
in the Lagrangian, they can be eliminated by means of their equations of motion which 
yield 



_ 1 

'9f ~ ^"^ ' 2'' 



where F^ is given in equation ( pT]) and has the following form p7[] : 



fx = ifWaXg'"' + f2K6: + /3(5^5^) 



jiu 



where {/j} are constants satisfying the condition 

/l + /2 + ^ 



(26) 



(27) 



(28) 



For constructing the quantum Lagrangian we must add the appropriate Faddeev- 
Popov ghost fields. We derive the corresponding theory from the invariance of the full 
Lagrangian under the BRST-transformation 



sL,uan = (29) 

where 5 is a nilpotent BRST operator. In the background field formalism we vio- 
late the symmetry connected with the transformation of quantum fields. The BRST- 
transformation is obtained in the usual way from gauge transformation by replac- 
ing the gauge parameter by the corresponding ghost field. The complete BRST- 
transformations for all fields are the following: 



S9t,u = s"^^ = 

s V = (V/xC^ + V^c^) + k (c^Va V + V^c^/iAz. + ^uC^hxf,) + 0{k^ 

sc" = c^dxc" sc^' = b'' slf = 

sx^ = nf" STT^ = sxu = 

+ I ( V,V. + V.V,) c'^-l {R\,p + - 



where (c^,Cj,) and (x^,Xv) are the anticommuting ghost fields connected with general 
coordinate and projective transformations, respectively. 
The quantum Lagrangian is 

Lquan = L^ffil, h) + sjc'^ [f, - h>,^ + r (/m " \^ ,) ] (31) 

where Leff{'y,h) is the action (H) expanded as a power series in the quantum fields. 
This, together with the condition = 0, implies immediately the BRST invariance of 



the action (|3l|) . 



From (PO) and (PTf) we obtain the one-loop ghost Lagrangian 



-c^xni , , , , ) ( !. ) (32) 



z,. {fi + 12 + ^9 A-gr / V x'' 



where a is a constant and 



Zx, = -/l(?A.V2-i(/2 + /3)(VAV. + V.VA) + ^(/2 + /3-2/i)i?A. 

+ /i (^?a./^"^V, - D,/V^ - D/,V^) (33) 



The following relations are valid for arbitrary triangular matrix operator: 



In A 
K In 5 



InA + lnB = \n det 



A 
B 



(34) 



where A, B and C are arbitrary operators. 

Using these relations we can write the one-loop ghost contribution to the effective 
action in a more convenient form 



gh = -i\n det [g^,W' + R^u) - ^In det ((/i + /a + 4/3) (7^. (-(?)") (35) 

where the first and second terms are the one-loop contribution of the coordinate and 
projective ghosts, respectively. 

The validity of the relation (^) can also be proven in a different way. To get the 
diagonal form of the ghost Lagrangian (^) we define a new field 



(36) 



This redefinition does not change the functional measure. In the new variables the 
ghost Lagrangian has the diagonal form 



{g,,V^ + R 











{fi + f2 + m9A-9r J \r ) ^^^^ 

The ghost contribution to the one-loop effective action is given by the relation (^5]). 
To simplify our calculation we use the following projective gauge condition instead 

of m 



where the constant A is nonzero. 

The one-loop contribution of the projective ghosts to the effective action is propor- 
tional to (^^(0). In the dimensional regularization [5^(0)]ij = 0, and the contribution of 
the projective ghosts to the one-loop counterterms is equal to zero. 

Now, we must change equation (P^. The propagator of the quantum field 7'^^^, 



(3^ 



satisfies equation ([I6D and the new condition 



F— ic A IT' '''^ i:<^ x'T 



(39) 



where 



^ «/3 ^lv 

A 



■ A 



al3 fT HI/ 
J A 



big^xg^'g''^ - Wg^^^g^^g 



I3fj, au 



cr"X 



+ + r^^'Jl - ^g'-'^iK - l^'^'^A^^^ (40) 

Having solved equations ([16|) and (^9[) we obtain the following result: 



= - \9"'9p.9.x + A2g^''g(^.g.x + - ^ (^2 - ^i) )g.(^6X 
1 



+ - [g,,6^^6: + gpj:5>i) + A, [g^.^^^ + gp>.5X 
- \ {a.xS^p + gpJlK) - {a, - 1) g'^^g^^gp, 

+ (^-^(A2-A) + A2)(7.A^5^ 



) ^7,^5^5^ - ( ;t + ^1 ) 9ax5$^''. (41) 



where the constants A2,Ai are defined from expressions (p!9|). 

The abandonment calculations coincide with the previous case. Having made the 
replacement of the variables (|15]), one needs to change F'^'^pJ^^^ F ^"'p^ ^x- We fix 
the coordinate invariance by the conditions (^) and (p2D, and the Lagrangian of the 
coordinate ghosts is defined by (^31). The one-loop counterterms on mass-shell coincide 
with expression 



4 Conclusion 

In the present paper, we have investigated the role of the terms quadratic in the torsion 
fields at the quantum level in the theory with independent metric and connection fields. 
It turns out that: 



1. In the affine metric theory the terms quadratic in the torsion fields play an 
auxiliary role. They serve for violating projective invariance of the action. 

2. The renormalizability of the model @ is not affected by the presence of the 
projective invariance. 

3. In the considered model (|^) the terms quadratic in the torsion fields do not 
contribute to the one-loop counterterms. 



Let us consider the additional conditions (^) arising in the definition of the quan- 
tum field propagator. It is easy to show that 



= 8(1 -6i-62)(l + 261-62) (42) 

The coefficients (1 — 61 — 62) and (1 + 26i — 62) are proportional to the particle masses 
arising in the linear field approximation |]T3|, B^, . The condition d = corresponds 



to the presence of massless particles in the theory. In this case, the propagator of the 
quantum field 7^^^ is not defined. Hence, the appearance of new massless particles is 
connected with the presence of the new type symmetry in the theory. We do not known 
the exact transformation rule of the fields under these new symmetries [^, |3^, It 
is known that the connection field is transformed under these symmetries. The metric 
field is not changed. 

The theory involved is renormalizable at the one-loop level on the mass-shell. The 
expression / df^x^J—g (^Ra/SfiuR"''^'^'^ — '^R^vR'^" + R^^ is proportional to the topological 
number of space-time, the so-called Euler number, defined as 



X 



^ j d^x^g{R^p,,R"^^'' - AR^^R^'' + R'^ (43) 

Hence, this expression is some number. In the topological trivial space-time this 
number is equal to zero. Then, at the one-loop level on mass-shell one needs to renor- 
malize only the cosmological constant. Let us represent the cosmological constant in 
the following form: 



^ = -2 (44) 



A 

where A is the dimensionless constant. Then, from the explicit calculations in the 
previous section, we get the renormalization group equation 



where /i^ is the renormalization point mass. Hence, we have the asymptotic freedom 
for A. 

The result of the one-loop calculations on mass-shell coincides with the one-loop 



counterterms of the Einstein gravity with the cosmological constant This coinci- 
dence is accidental. The considered theory coincides with the Einstein gravity at the 
tree level. In the nonrenormalizable theories the results of the loop calculations depend 
on the choice of the dynamical variables. It has been shown ||3^ that the classical the- 



ory written in a different way leads to inequivalent quantum results. Since the Einstein 
gravity and theory under consideration are not renormalizable at the two-loop level, 
the equivalence of the above-mentioned theories can be violated at the quantum level. 
Therefore, one cannot predict the result of the one-loop calculations (0) without the 
corresponding calculations. 

We are greatly indebted to L.O.Vasilyeva, A.Gladyshev and G. Sandukovskaya for 
critical reading of the manuscript. 
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